Double Field Theory and N=4 Gauged Supergravity by Geissbühler, David
ar
X
iv
:1
10
9.
42
80
v2
  [
he
p-
th]
  5
 D
ec
 20
11
Double Field Theory and N = 4 Gauged Supergravity
David Geissbu¨hler
geissbuehler@itp.unibe.ch
Albert Einstein Center for Fundamental Physics
Institute for Theoretical Physics, University of Bern
Sidlerstrasse 5, CH-3012 Bern, Switzerland
ABSTRACT
Double Field Theory describes the NS-NS sector of string theory and lives on a doubled space-
time. The theory has a local gauge symmetry generated by a generalization of the Lie derivative
for doubled coordinates. For the action to be invariant under this symmetry, a differential con-
straint is imposed on the fields and gauge parameters, reducing their possible dependence in the
doubled coordinates. We perform a Scherk-Schwarz reduction of Double Field Theory, yielding
electric gaugings of half-maximal supergravity in four dimensions when integrability conditions
are assumed. The residual symmetries of the compactified theory are mapped with the symme-
tries of the effective theory and the differential constraints of Double Field Theory are compared
with the algebraic conditions on the embedding tensor. It is found that only a weaker form
of the differential constraint has to be imposed on background fields to ensure the local gauge
symmetry of the reduced action.
1 Introduction
Double Field Theory (DFT), introduced by Hull and Zwiebach in [1] (see also [2] for a review),
is a field theory describing the massless modes of closed string field theory on a 2D-dimensional
doubled torus with coordinates XM = (xi, x˜i), with i = 1, ...,D. The field content consists of
a tensor Eij(x, x˜) = gij + Bij and a generalized dilaton d(x, x˜), both depending on the usual
coordinates and the dual ones. An action for Eij treated as a fluctuation around a flat toroidal
background was constructed up to cubic order as a truncation of the full closed string field
theory action. This theory has the interesting property that it is invariant under T-duality,
O(D,D) in the decompactified limit, acting linearly on the doubled coordinates XM and by
Mo¨bius transformations on Eij. Moreover, this theory has a local gauge symmetry [3] generated
by a generalized Lie derivative which is an extension for doubled coordinates of the Dorfmann
bracket appearing in Generalized Complex Geometry [4]. In DFT the dual coordinates have a
physical relevance, even though the fields are constrained by the level-matching condition on
the string state, which translates in a differential constraint for the massless modes
∂i∂˜
iEjk = ∂i∂˜id = 0. (1.1)
In [5] a background independent action for Eij was proposed. It was however found that, in this
new formulation, a stronger differential constraint has to be imposed by hand in order to get
the symmetries of the cubic theory. In a subsequent paper [6], an equivalent formulation of the
theory in term of the generalized metric HMN was presented, clarifying the link between DFT
and Generalized Complex Geometry in the context of type II flux compactifications [7, 8]. In the
generalized metric version of the theory the field Eij is replaced by a symmetric O(D,D)/O(D)×
O(D) coset element, the generalized metric HMN , satisfying
HMNηNPHPQηQR = HMNHNR = δRM . (1.2)
where ηMN is the off-diagonal O(D,D) invariant metric. The advantage of this formulation is
that T-duality acts linearly on HMN and leaves the generalized dilaton d invariant. As in the
background independent theory, all fields and gauge parameters have to satisfy this new strong
constraint, stronger than the one needed by level-matching. In addition to (1.1), the O(D,D)
invariant laplacian is also required to vanish on all products of fields and gauge parameters ζM
∂M∂
MHNP = ∂MHNP ∂MHQR = ∂MHNP ∂Md = ∂MHNP ∂M ζQ = ∂Md ∂Md = ... = 0, (1.3)
where the derivative with an upper index is ∂M = ηMN∂N such that ∂M∂
M = 2∂i∂˜
i. While the
constraint (1.1) states that each field propagates on the O(D,D) lightcone, its stronger version
enforces them to propagate in the same null isotropic subspace. This allows one, at least locally,
to rotate the theory in a duality frame where the fields’ dependence in the dual coordinates is
gone. When there is no dependence in the x˜i coordinate, the DFT action is equivalent to the
standard action for the NS-NS sector of string theory. It however remains possible that there
exists a generalization of this theory not requiring this strong constraint. When the theory
is compactified, the original symmetries are broken up to a subgroup of residual symmetries
which are symmetries of the effective theory. In this paper we will show for a Scherk-Schwarz
reduction of DFT that a part of the strong constraint can be relaxed without affecting this
residual symmetry.
Double Field Theory has recently been extended to include the gauge fields of the heterotic
theory [9] and the R-R fields of type II theories [10, 11]. In [12], by relaxing part of the strong
constraint in the R-R sector, it was discovered that a modification of DFT yielding massive
type IIA can be constructed, preserving the full gauge invariance of the theory. Notions of
differential geometry compatible with the constraints on the generalized metric were developed
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in [13, 14] and couplings to fermions were worked out using this framework [15]. In [16], a
frame-like reformulation of the theory with an explicit left/right factorization was constructed
and connected to Siegel’s early work on doubled theories [17, 18].
The doubled formalism already attracted much attention for its ability to account for non-
geometric fluxes [19, 20, 21, 22, 23]. While Scherk-Schwarz reductions [24] with internal three-
form flux [25] can only explain geometric fluxes that appear in the effective gauged supergravity,
reductions with duality twists [26] and reductions on twisted doubled tori [20] give also rise to
non-geometric fluxes Qa
bc and Rabc. Non-geometric compactifications in the context of N = 1
flux compactifications have also been studied [27], where the various fluxes have been identified
with the charges appearing in the Courant bracket of internal doubled vielbeins. Recent results
with worldsheet theories, showed correspondence between the vanishing of worldsheet anomalies
and existence of N = 4 vacua [22, 23].
On the effective theory side, these twists, either geometric or not, correspond to gaugings
of maximal or half-maximal supergravities [28]. These gauged theories are deformations of the
original supergravities where a subgroupG of the rigid duality group, E7,7 or SL(2,R)×SO(6, n)
in four dimensions for N = 8 or N = 4 respectively, has been promoted to a local gauge
symmetry. The duality group acts on vectors via the fundamental representation the symplectic
group, Sp(56) for N = 8, or Sp(12 + 2n) for N = 4 with n vector multiplets, and the scalar
fields live in the coset spaces E7,7/SU(8) or SL(2,R)×SO(6, n)/SO(2)×SO(6)×SO(n). The
gauging is realized by embedding the adjoint of G, one generator XI for each gauge field and
magnetic duals, in the duality group with generators (TΛ)I
J acting in the fundamental of the
symplectic group, via the so-called embedding tensor [29]
XI = ΘI
ΛTΛ. (1.4)
The embedding tensor is subject to two quadratic constraints, the first ensuring that the right
number of gauge fields propagate and the second that the algebra closes
[
XI ,XJ
]
= −XIJKXK . (1.5)
A linear constraint is imposed such that the symplectic metric is invariant under G. A further
linear constraint, related to gauge anomalies [30], has to be imposed and is known from N = 8
supersymmetry where it keeps only the 912 in the embedding tensor. Truncation of the N = 8
theory to N = 4 is done by embedding SL(2,R)×O(6, 6) in E7,7 and keeping only components
that are even under a Z2 symmetry. The only representations that survive the constraints
on the embedding tensor are a product of a fundamentals of SL(2,R) and SO(6, 6), ξαA with
α = (+,−), and a fundamental of SL(2,R) times an SO(6, 6) three index antisymmetric tensor,
fαABC [31, 32]. Electric gaugings corresponds to vanishing f−ABC and ξ−A and in this special
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case the closure constraint reduces to
ξ+
Aξ+A = 0
ξ+
Af+ABC = 0
f+[AB
Ef+C]DE =
2
3
f+[ABCξ+D],
(1.6)
where indices have been raised and lowered with the invariant SO(6, 6) metric ηAB.
In this paper we are interested to find a link between a class of DFT compactifications and
electric gaugings of N = 4 supergravity. To achieve this, we first reformulate the generalized
metric version of DFT with a doubled vielbein. This formulation has a local O(1, 9) × O(1, 9)
Lorentz symmetry, which makes it equivalent to the construction of [33]. The dynamics rely
on the antisymmetric part FABC and the trace part Ω˜A of an object ΩABC transforming as a
spin connection under O(1, 9) × O(1, 9). Upon Scherk-Schwarz reduction with a warp factor,
the internal part of these objects get identified with f+ABC and ξ+A and the theory reduces to
N = 4 gauged supergravity. We show that, together with integrability conditions, the strong
constraint implies the closure relations (1.6) while the converse is not true in general.
During the completion of this work another closely related work appeared [34]. Our results
are slightly more general as we are able to find the general case of non-unimodular gaugings
with an arbitrary internal dilaton. If we accept that the strong constraint can be relaxed in the
compactified theory, for instance in a modified version of the theory, we find new solutions that
do not enter the class of solutions found in [34].
Section 2 quickly reviews the ingredients of Double Field Theory and reformulate them
with a doubled vielbein. A spin connection is defined and then used to rewrite the Dirac
operator acting on R-R fields. In Section 3, half-maximal four-dimensional gauged supergravity
is reviewed and dualized to get a propagating two-form. A Scherk-Schwarz reduction of DFT
is then done and constraints analyzed. Finally, Section 4 gives a few examples of doubled
backgrounds with and without strong constraint.
2 Review of Double Field Theory and vielbien formulation
A closed string compactified on a torus has quantized momenta pi and winding numbers w
i,
with i = 1, ...,D. The possible values of the winding numbers and momenta are restricted by
the level-matching condition
wipi =
1
2
ηMNPMPN = N − N¯ (2.1)
where N and N¯ are the eigenvalues of the left/right number operators acting on the string
state, PM = (pi, w
i) and where ηMN is the off-diagonal O(D,D) metric
η =
(
ηMN
)
=
(
ηij ηij
ηi
j ηij
)
=
(
0 δij
δi
j 0
)
. (2.2)
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If the torus has a constant metric gij and a constant Kalb-Ramon two-form flux Bij on it, the
Hamiltonian has a term depending of the windings and momenta of the form PMPNHMN where
H = (HMN ) =
(Hij Hij
Hij Hij
)
=
(
gij −BikgklBlj Bikgkj
−gikBkj gij
)
. (2.3)
and HMN = ηMP ηNQHPQ. T-duality along a coordinate xi acts by exchange of the associated
winding and momentum wi ↔ pi. These transformations assemble with the discrete shift
symmetry of the two-form to form the group O(D,D,Z), acting on momenta and windings as
PM −→ OMNPN , OMN ∈ O(D,D,Z), OMP ηPQONQ = ηMN (2.4)
Under this transformation the level-matching condition is invariant because of the contraction
with the O(D,D) metric while HMN is redefined as H′MN = HPQOPMOQN where OMN =
ηMPOP
QηQN . The dilaton is not invariant under T-duality, however, together with the deter-
minant of the metric an invariant combinaison is
e−2d = e−2φ
√
|g|. (2.5)
While the coordinate xi is the conjugate of the momentum pi there is no obvious conjugate for
the winding number. Double Field Theory [1], inspired by closed string field theory, introduce
new dual coordinates x˜i that are conjugates of windings. The doubled coordinate X
M = (xi, x˜i)
then transforms as an O(D,D) vector under T-duality. The fields associated to the massless
modes of the string are the metric gij , the Kalb-Ramon two-form Bij and the dilaton φ. They
depend on both coordinates xi and x˜i, and enter the theory through the tensor Eij(x, x˜) =
gij +Bij and through the invariant generalized dilaton d(x, x˜) defined in (2.5). The theory has
local a symmetry generated by a pair of parameters (ǫi, ǫ˜i) that also have a dependence in both
coordinates. The level-matching condition then gives constraints on the the massless fields and
parameters
∂i∂˜
iEjk = ∂i∂˜id = ∂i∂˜iǫj = ∂i∂˜iǫ˜j = 0. (2.6)
In [1], Eij was treated as a small fluctuation around a background and these level-matching
conditions were sufficient for the theory to have the local gauge symmetry generated by (ǫi, ǫ˜i).
A background independent version was then found in [5], with a stronger constraint on the
fields.
The background independent version of this theory was reformulated in [6] with the gener-
alized metric (2.3) as dynamical field. The action is
S =
∫
d2DX e−2d
(
1
8
HMN∂MHPQ∂NHPQ − 1
2
HMN∂MHPQ∂QHPN
−2HMN∂Md ∂Nd+ 4∂MHMN∂Nd
)
.
(2.7)
where HMN = ηMP ηNQHPQ and where the fields depend on the doubled coordinate XM . Since
all indices are contracted with the O(D,D) metric ηMN the action is manifestly invariant under
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O(D,D), which is broken to the T-duality subgroup O(D,D,Z) when compactified on a torus.
The expression (2.3) is not invariant under O(D,D), an invariant formulation can be achieved
by forgetting this particular form and treating HMN as a symmetric O(D,D) matrix
HMN ηNP HPQ = ηMQ. (2.8)
The action (2.7) is also invariant under a local symmetry parameterized by an infinitesimal
vector ζM (X) provided a constraint is imposed on the fields and parameters. This constraint
originates the level-matching condition (2.6) with the difference that the O(D,D) laplacian
∂M∂
M is also required to vanish when acting on every product of fields and parameters
∂M∂
MHNP = ∂M∂Md = ∂M∂MζN = ∂MHNP ∂MHQR = ∂MHNP ∂Md =
∂MHNP ∂MζQ = ∂Md ∂Md = ∂Md ∂M ζN = ∂MζN ∂MζQ =0.
(2.9)
This strong constraint tells that that the theory is not truly doubled, but written in an O(D,D)
covariant form. The variation of the generalized metric under the local symmetry is
δˆHMN = LˆζHMN = ζP∂PHMN +
(
∂M ζ
P − ∂P ζM
)HPN + (∂NζP − ∂P ζN)HMP , (2.10)
where all indices are raised and lowered with ηMN . This variation is generated by a generalized
Lie derivative Lˆ that treats covariant and contravariant indices on the same footing. This
modified Lie derivative vanishes when acting on ηMN such that it keeps intact the O(D,D)
structure of the theory. These transformations are called generalized diffeomorphisms and form
an algebra when the strong constraint is assumed. The commutator of two such transformations
with parameters ζM1,2 is again a generalized diffeomorphism with parameter ζ
M
3 given by the C-
bracket of ζM1,2
ζM3 =
[
ζ1, ζ2
]M
(C)
= 2ζN[1 ∂Nζ
M
2] − ζN[1 ∂M ζ2]N , (2.11)
which reduces to the Courant bracket for ∂˜m... = 0. For the action to be invariant, the dilaton
pre-factor is required to transform as a density
δˆe−2d = ∂M
(
ζMe−2d
)
. (2.12)
After some partial integrations the Lagrangian (2.7) can be rewritten as a quantity transforming
as a scalar under (2.10)
S =
∫
d2DX e−2dR. (2.13)
This scalar R also comes from the dilaton equation of motion R = 0 and is called generalized
Ricci scalar
R = 1
8
HMN∂MHPQ∂NHPQ − 1
2
HMN∂MHPQ∂QHPN − ∂M∂NHMN
+4HMN∂M∂Nd− 4HMN∂Md ∂Nd+ 4∂MHMN∂Nd
(2.14)
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2.1 Vielbein formulation
The generalized metric H and the O(D,D) metric η can be rewritten as squares of a doubled
vielbein
HMN = EAMHABEBN ,
ηMN = E
A
MηABE
B
N .
(2.15)
Different gauge choices exist [6], for instance in [17, 18, 16] a left/right GL(D)×GL(D) symme-
try is made manifest. We consider another option here, where ηAB is required to be numerically
equal to ηMN and is used to raise and lower flat indices (A,B,C...). The second line in (2.15)
then constrains EA
M to be an element of O(D,D). HAB is chosen to have the O(1,D − 1)
metric hab = diag(−,+, ..,+) in the diagonal blocks
(HAB) =
(
hab 0
0 hab
)
. (2.16)
To recover the generalized metric in the form (2.3) the following doubled vielbein can be used
(
EA
M
)
=
(
ea
i ea
jBij
0 eai
)
, (2.17)
with gij = e
a
ie
b
jhab. There is a local O(1,D − 1) × O(1,D − 1) Lorentz symmetry preserving
this gauge choice,
δEA
M = ΛA
BEB
M , (2.18)
with ΛAB = −ΛBA and ΛACHCB = −ΛBCHAC . Due to the choice of constant ηAB, the
flattened derivative of a vielbein is antisymmetric in its two last indices
ΩABC = EA
M
(
∂MEB
N
)
ECN = −ΩACB. (2.19)
Under a local O(1,D−1)×O(1,D−1) transformation this object has a non-covariant variation
and can be used to define a covariant derivative. ΩABC is invariant under global O(D,D)
coordinates rotations since all indices are properly contracted with ηMN . Under the local gauge
symmetry (2.10) the variation of the vielbein is
δˆζEA
M = LˆζEAM = ζN∂NEAM + ∂MζNEAN − ∂NζMEAN . (2.20)
This defines the D-bracket of the vector ζ with EA, which reduces to the Dorfmann bracket
when ∂˜m... = 0. Objects that will play an important role are the C- and the D-brackets of two
vielbeins EA
M . Due to the constraint (2.15) they are equal and, EA
M being invertible, we write
[
EA, EB
]M
(C)
=
[
EA, EB
]M
(D)
= FAB
CEC
M . (2.21)
The structure functions are then completely antisymmetric
FABC = ΩABC +ΩCAB +ΩBCA = 3Ω[ABC]. (2.22)
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ΩABC is not well behaved under the generalized coordinates transformations, however, its anti-
symmetric part FABC transforms as a scalar when the strong constraint holds. Another scalar
object can be built out of the dilaton and the trace of ΩABC
Ω˜A = 2EA
M∂Md+Ω
B
BA (2.23)
Using (2.15) and (2.19), the generalized Ricci scalar R can be rewritten as
R =2HABEAM∂M Ω˜B −HABΩ˜AΩ˜B + 1
4
HABFACDFBCD
− 1
12
HABHCDHEFFACEFBDF − 1
2
HABΩCDAΩCDB.
(2.24)
Using the strong constraint the last term vanishes, after a partial integration the action (2.13)
reads
S =
∫
d2DX e−2d
(
1
4
HABFACDFBCD − 1
12
HABHCDHEFFACEFBDF +HABΩ˜AΩ˜B
)
. (2.25)
This rewriting of the DFT action is equivalent to the action of [33], which is a gauged fixed
version of this one.
2.2 Equations of motion
To derive the equations of motion from the action (2.25) a Lagrange multiplier LAB has to be
introduced to ensure that the vielbein EA
M is an element of O(D,D). If the variation of the
action is
δS =
∫
d2DXe−2dKAB∆
AB (2.26)
where ∆AB = δEA
M EBM then, due to the presence of the Lagrange multiplier LAB, the
equations of motion involve only the antisymmetric part
K[AB] = 0. (2.27)
For the action (2.25) one gets
K[AB] =
1
2
(Ω˜C − ECM∂M )ZCAB + 1
2
Z[A
CDFB]CD − 2H[ACEB]M∂M Ω˜C , (2.28)
where
ZABC = 3H[ADFBC]D −HADHBEHCFFDEF . (2.29)
The dilaton equation of motion is simply the vanishing of the generalized Ricci scalar R = 0.
2.3 DFT and R-R fields
Double Field Theory has been extended to include the R-R sector of type II strings [10, 11] (see
also [35, 36]). The key ingredient is the supersymmetric pseudo-action of [37], where both the
R-R fields and their magnetic duals are present, and packaged in a polyform
F =
∑
p
Fp =
∑
p
1
p!
Fi1...ipdx
i1 ∧ ... ∧ dxip , (2.30)
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where p is either odd (IIB) or even (IIA). The action is the square of the total field strength F
and has no topological term, it is supplemented with a self-duality relation imposed to get the
right equations of motion
S =
1
4
∫
∗F ∧ F, F = ∗σ(F ), (2.31)
where σ is an involution reversing the order of the differentials dxi. The field strength descends
from a gauge potential C which contains all the electric and magnetic potentials
F = (d+H∧)C, (d+H∧)F = 0. (2.32)
The twisted exterior derivative d +H∧ is nilpotent due to the Bianchi identity of the NS-NS
three-form dH = 0.
Being a sum of even or odd degree differential forms, the total field strength F gives a
chiral or antichiral spinorial representation of O(D,D) and transforms as an O(D,D) spinor
under T-duality. It is therefore natural to consider the R-R field strength and potential to be
O(D,D) spinors in DFT. An action for spinorial R-R fields and its coupling to the generalized
metric were constructed in the articles cited above. We do not strictly follow [10] here but
rather reformulate these ideas in a way which is more adapted to the vielbein formulation. We
define the R-R field strength F to be an O(D,D) Majorana spinor transforming under the local
O(1,D − 1)×O(1,D − 1) as
δF = 1
2
ΛABΓ
ABF (2.33)
with the O(D,D) gamma matrices ΓA = (Γa,Γa) and with the convention
{
ΓA,ΓB
}
= ηAB . (2.34)
Due to the signature of O(D,D), one can choose real gamma matrices ΓA with the property
Γa = (Γa)
T , the Majorana condition becoming a reality condition. The self-duality condition is
implemented as
F = HF , H = (Γ0 − Γ0)(Γ1 + Γ1)...(ΓD + ΓD), (2.35)
where H squares to the identity for D = 10. The spinor F can be written in term of the usual
R-R field strengths Fi1..ip as
1
F =
∑
p
eφ
p!
Fi1...ip ea1
i1 ...eap
ip Γa1...ap |0〉 , (2.36)
where |0〉 is a Clifford vacuum annihilated by Γa and where the dilaton pre-factor has been
introduced for a later convenience. Using the Clifford algebra (2.34), the self-duality relation
(2.35) is equivalent to the one in (2.31). As said before, ΩABC has a non-covariant variation
1The relation of this fields strength to the potential χ in [10] is F = edE /∂χ where E is the Spin(D,D)
representative of EA
M . This change of basis generalizes the A- and C-basis for the R-R fields.
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under O(1,D − 1) × O(1,D − 1) local transformations and a covariant derivative commuting
with the transformation (2.33) can be built
∇A = ed(EAM∂M − 1
2
ΩABCΓ
BC)e−d. (2.37)
The dilaton factor is needed for the covariant derivative of a spinor to transforms as a scalar
under doubled diffeomorphisms provided the spinor itself transforms as a scalar. The associated
Dirac operator is
/∇ = /∂ − /F − 1
2
/˜Ω = ΓAEA
M∂M − 1
6
ΓABCFABC − 1
2
ΓAΩ˜A (2.38)
where FABC and Ω˜A are defined as before. With a little algebra it can be shown that this oper-
ator is nilpotent when the strong constraint is assumed for all the fields. Using this nilpotency
property we can rewrite (2.32) as
F = /∇A, /∇F = 0, (2.39)
where A is the potential, the field strength F being invariant under gauge transformations
δA = /∇χ. To recover the original Bianchi identity (d+H∧)F = 0 some assumptions have to be
made, the doubled vielbein EA
M is expressed as in (2.17) with no dependence in x˜i for all fields.
With these assumptions /∇F = 0 translates into (d+H∧)F = 0. An O(1,D− 1)×O(1,D − 1)
invariant action can be written
S =
1
4
∫
d2DXe−2dFTBF , B = (Γ0 + Γ0)(Γ0 − Γ0), (2.40)
where F is given by (2.39). Using (2.36), |0〉T = 〈0| and 〈0|0〉 = 1 it reduces to the action
(2.31).
As said before, the strong constraint implies the nilpotency of the Dirac operator but, as
we shall see in the purely NS-NS compactified case, the converse is not true in general. The
square of the operator (2.38) acting on the spinor A vanishes up to terms involving derivatives
contracted between themselves
/∇2A = ed∂M∂M
(
e−dA
)
− edΓBC ΩABCEAM∂M
(
e−dA
)
+
(
−1
4
ΓAB (∂M∂MEA
N )EBN +
1
16
ΓBCDE ΩABCΩADE − 1
16
ΩABCΩABC
)
A = 0,
(2.41)
and do not by itself implies the strong constraint for all products of fields, e.g. ΩA[BCΩ
A
DE] can
be vanishing even if does not without the antisymmetrisation. It is interesting that /∇F = 0,
with F now taken to be a constant internal flux in some compactification, reduces to the non-
geometric tadpole cancellation condition of [38, 39], for the unimodular case Ω˜A = 0.
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3 Scherk-Schwarz reduction of DFT
In this section we compare half-maximal four-dimensional gauged supergravity with a Scherk-
Schwarz reduction of DFT. The immediate advantage of the doubled formalism over the stan-
dard geometric one is that non-geometric fluxes are built-in right from the beginning as a
consequence of the T-duality invariance. The drawback is that finding a general Ansatz for the
generalized metric for a given set of fluxes, satisfying all the required constraints, is not known
in the general case.
3.1 Scho¨n and Weidner N = 4 four-dimensional gauged supergravity
The N = 4 supergravity theory with n additional vector multiplets in four dimensions has
a rigid duality group which is SL(2,R) × SO(6, n). The 6 + n vectors implement a U(1)6+n
local abelian gauge symmetry. The only deformations of this theory preserving the original
supersymmetry are gaugings, where a subgroup of the duality group is promoted to a local
gauge symmetry, the original abelian vectors fields becoming the non-abelian gauge fields of
this local symmetry. The most general gauging of N = 4 four-dimensional supergravity has
been constructed in [31] using the embedding tensor formalism of [29]. The bosonic field content
is constituted of a vierbein eaµ, scalars living in the coset
SL(2,R)
SO(2)
× SO(6, n)
SO(6) × SO(n) (3.1)
and a pair of electric A+Aµ and magnetic A
−A
µ gauge fields, so A
αA
µ is in the product of fundamen-
tals of SL(2,R) and SO(6, n). The coset SL(2,R)/SO(2) is parameterized by an axion a and
a dilaton φ, packaged either in a complex scalar τ = a+ ie−2φ transforming by Mo¨bius trans-
formations under SL(2,R) or in a symmetric matrix Mαβ transforming linearly (the reader is
referred to the original paper [31] for conventions). SO(6, n)/SO(6) × SO(n) is parameterized
by a matrixMAB transforming as an SO(6, n) symmetric tensor. In addition there are auxiliary
fields ensuring that only half of the electric/magnetic gauge fields propagate. The gauging of the
theory is encoded in the embedding tensor, splitted in representations of SL(2,R)×SO(6, n) as
ξαA and fαABC , completely antisymmetric in ABC. For consistency, these gauging parameters
are constrained by a set of linear and quadratic relations. Gaugings with ξ−A = f−ABC = 0
are called electric gaugings while those with ξαA = 0 are said to be unimodular. The scalar
potential reads2
V =
1
4
(
fαABCfβDEFMαβ
[
1
3
MADMBEMCF +
(2
3
ηAD −MAD
)
ηBEηCF
]
− 4
9
fαABCfβDEF ǫ
αβMABCDEF + 3ξMα ξNβ MαβMAB
) (3.2)
2Our conventions differs from those in [31] by factors of two in the metric and two-form, namely ghereµν = 2g
there
µν
and Bhereµν =
1
2
B++ thereµν
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where MABCDEF is a scalar-dependent antisymmetric tensor. Only electric gaugings will be
considered here. The SL(2,R) indices are dropped f+ABC = fABC , ξ+A = ξA and the vectors
are renamed according to their electric AAµ = A
+A
µ or magnetic X
A
µ = A
−A
µ nature. For these
electric gaugings, the dilaton appears in the potential through M++ = e2φ while the axion has
no potential term. In order to match the higher dimensional theory, we set n = 6. For the
particular case of an electric gauging, the constraints for the embedding tensor are summarized
by
ξAξA = 0,
ξAfABC = 0,
f[AB
EfC]DE =
2
3
f[ABCξD],
(3.3)
in the unimodular case they reduce to a simple Jacobi identity for fABC . The full action for an
electric gauging is
S =
∫ (
R ∗ 1− ∗Dτ ∧ Dτ¯
2(Im τ)2
+
1
8
∗ DMAB ∧ DMAB
− Im τ
2
MAB ∗ FA ∧ FB + Re τ
2
ηAB F
A ∧ FB
+
1
2
AA ∧ dAA ∧X + fˆABE fˆCD
E
8
AA ∧AB ∧AC ∧XD
+
1
2
ξAB ∧
(
dXA − fˆBCAAB ∧XC
)− V (M) ∗ 1)
(3.4)
where A = AAξA, X = X
AξA are shorthands for the connections gauging axion-dilaton trans-
formations and where
fˆABC = fABC − ξ[AηC]B −
3
2
ξBηAC . (3.5)
The covariant derivatives and field strengths entering the action are
Dτ = dτ +X +Aτ,
DMAB = dMAB + 2ACfC(ADMB)D +A(AMB)CξC − ξ(AMB)CAC ,
FA = dAA − 1
2
fBC
AAB ∧AC − 1
2
A ∧AA + ξAB.
(3.6)
For electric gaugings, using the identities (3.3) and (3.5), one sees that the magnetic gauge field
XA enters the action only through X, i.e. contracted with the parameter ξA. The gauge field
X corresponds to the gauging of the axion shift a→ a+ c symmetry in SL(2,R) and the gauge
field A to the gauging of the scaling symmetry of the dilaton. The covariant derivatives of the
axion and the dilaton are
Da = da+X +Aa,
Dφ = dφ− 1
2
A.
(3.7)
To make contact with the higher dimensional theory the two-form has to be promoted to a
propagating field [40], however, the procedure is different if the gauging is unimodular ξA = 0
or not.
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In the unimodular case, the magnetic vector field X and the two-form B disappear of the
action. The axion is massless and couples to the electric gauge fields through a Peccei-Quinn
term
S =
∫ (
− e
4φ
2
∗ da ∧ da+ a
2
FA ∧ FA + ...
)
. (3.8)
Provided a Lagrange multiplier three-form H and a new term in the action −H ∧ (f − da) are
introduced, f = da can be treated as independent of a. The equation of motion for a yields a
Bianchi identity for the three-form
dH = −1
2
FA ∧ FA. (3.9)
Imposing this relation in the action and partial integrating the dependency in the scalar a drops.
The equation of motion for f is then the duality relation H = −e4φ ∗ f , so integrating f out
one gets a quadratic action for H, supplemented with its Bianchi identity
S =
∫ (
R ∗ 1− 2 ∗ dφ ∧ dφ− e
−4φ
2
∗H ∧H
+
1
8
∗ DMAB ∧ DMAB − e
−2φ
2
MAB ∗ FA ∧ FB − V (M) ∗ 1
)
.
(3.10)
The non-unimodular case is somehow different due to the presence of mass terms for the
gauge field X and for the two-form B. Since the connection X is non-vanishing, one can use
the local shift symmetry of the axion to gauge it away. The action is then
S =
∫ (
− e
4φ
2
∗X ∧X −H ∧X + ...
)
, (3.11)
where terms not containing the gauge field X have been omitted and where
H = dB −A ∧B − 1
2
AA ∧ dAA + 1
6
fABCA
A ∧AB ∧AC . (3.12)
Integrating X, the action for a non-unimodular electric gauging becomes
S =
∫ (
R ∗ 1− 2 ∗ Dφ ∧ Dφ− e
−4φ
2
∗H ∧H
+
1
8
∗ DMAB ∧ DMAB − e
−2φ
2
MAB ∗ FA ∧ FB − V (M) ∗ 1
)
.
(3.13)
This action is invariant under the gauge transformations3
δφ =
1
2
Λ,
δAA = dΛA − fBCAABΛC − ξAλ+ 1
2
(
AAΛ−AΛA + ξAABΛB
)
,
δB = dλ− 1
2
A ∧ λ− 1
2
dΛA ∧AA + ΛB
δMAB = −2ΛCfC(ADMB)D,+ξ(AMB)CLC − L(AMB)CξC ,
(3.14)
where Λ = ΛAξA.
3In the original paper, a parameter Ξ = 2(λ− AAΛA) is used.
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3.2 Scherk-Schwarz reduction of DFT
The doubled coordinates are split as 4 external coordinates xµ, 4 dual coordinates x˜µ and 6+6
internal doubled ones YM = (ym, y˜m):
XˆMˆ =
(
xµ, x˜µ, Y
M
)
, (3.15)
where the hats denote (10 + 10)-dimensional quantities and indices. The flat space indices Aˆ
are split as V Aˆ =
(
V a, Va, V
A
)
. All fields and gauge parameters are chosen to be independent
of x˜µ such that the external part of the strong constraint is trivial. Residual symmetries of the
compactified theory should be identified with the symmetries of the effective theory. Generalized
diffeomorphisms of the xµ coordinates generate external diffeomorphisms in the effective theory,
x˜µ shifts generate the gauge transformations of the two-form and Y
M transformations are
identified with gauge transformations of the vectors. The simplest procedure is to first consider
a Kaluza-Klein (KK) reduction of the theory where the fields and gauge parameters do not
depend on the internal coordinates. Then, by looking at the variation of the components of
Eˆ
Aˆ
Mˆ under a generalized diffeomorphism with parameter ζˆMˆ (x) one can identify the effective
fields (ea
µ,AAµ ,...) in EˆAˆ
Mˆ . The Scherk-Schwarz reduction is then done by keeping the modes
of the KK reduction but with twists depending on the internal coordinates. For the Scherk-
Schwarz reduction, the gauge parameters of the residual doubled diffeomorphisms are factorized
the following way
ζˆMˆ =
(
ξµ(x), eγλµ(x), e
γ
2ΛA(x)EA
M (Y )
)
, (3.16)
where γ is a warp factor depending only on the internal coordinates and where EA
M is a
doubled internal vielbein. An Ansatz for the vielbein Eˆ
Aˆ
Mˆ should be expressed in function
of the effective fields, such that its variation under generalized diffeomorphisms generated by
(3.16) matches the variation of the latter under the gauge transformation (3.14). By inspection
of the transformation of Eˆ
Aˆ
Mˆ under (3.16), the following Ansatz
Eˆa
µ = e−φ−
γ
2 ea
µ(x)
Eˆaµ = 0
EˆA
µ = 0
Eˆaµ = e
−φ+ γ
2 ea
ν
(
Bµν(x)− 1
2
Aµ
AAνA
)
Eˆaµ = e
φ+ γ
2 eaµ(x)
EˆAµ = e
γ
2ΦA
B(x)AµB(x)
Eˆa
M = −e−φeaµ(x)AµAEAM (Y )
EˆaM = 0
EˆA
M = ΦA
B(x)EB
M (Y )
(3.17)
is found to have the correct gauge transformations. Its dependence in the internal dimensions
YM is completely factorized in the internal vielbein EA
M and the warp factor γ. The full
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doubled dilaton is chosen to be
dˆ = −1
4
log det g − φ(x) + d(Y ) (3.18)
where g = −det gµν and gµν = eaµebν hab. Provided ΦAB and EAM are elements of O(6, 6) the
Ansatz satisfies the constraint
Eˆ
Aˆ
Mˆ Eˆ
BˆMˆ
= ηˆ
AˆBˆ
. (3.19)
Calculation of the components of Fˆ
AˆBˆCˆ
and ˆ˜Ω
Aˆ
is then performed. The components of ˆ˜Ω are
ˆ˜Ωa = e
−φ− c
2
(
τab
b − eaµ
(
∂µφ+ e
γ
2Aµ
AΩ˜A
))
,
ˆ˜Ωa = 0,
ˆ˜ΩA = ΦA
BΩ˜B,
(3.20)
where
Ω˜A = 2EA
M∂Md+Ω
B
BA. (3.21)
Components of Fˆ are then computed, for three external lower indices we find
Fˆabc = −e−3φ−
γ
2 ea
µeb
νec
ρ
{
3∂[µBνρ] − 3A[µABνρ] e
γ
2EAγ
− 3∂[µAνAAρ]A +AµAAνBAρCe
γ
2FABC
}
,
(3.22)
where FABC is defined as in the previous section but for the internal vielbein
FABC = 3(E[A
M∂MEB
N )EC]. (3.23)
This component thus contains the full three-form field strength H with Chern-Simons term
given in (3.12)
Fˆabc = −e−3φ−
γ
2 ea
µeb
νec
ρHµνρ, (3.24)
provided the following identifications are made
e
γ
2EAγ = ξA,
e
γ
2FABC = fABC .
(3.25)
This field strength enters the action (2.25) through the HˆHˆHˆFˆ Fˆ term
− 1
12
∫
d2DX
√−ge−4φ−γ−2dgµνgρσgλτHµρλHνστ , (3.26)
reproducing the correct kinetic term in (3.13). The component with one internal index and two
external indices is proportional to the non-abelian Yang-Mills field strength for the gauge fields
FˆabC = −e−2φ−
γ
2 ea
µeb
νΦC
DFµνD
= −e−2φ− γ2 eaµebνΦCD
{
2∂[µAν]D − fDABAµAAνB −A[µAAν]C + ξCBµν
}
.
(3.27)
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Once again, the HˆHˆHˆFˆ Fˆ term reduces to the correct kinetic term, provided the symmetric
scalar moduli matrix is expressed as
MAB = HCDΦCAΦDB . (3.28)
The scalars covariant derivatives are contained in FˆaBC
FˆaBC = e
−φ− γ
2 ea
µ (DµΦBA) ΦCA,
DµΦBA = ∂µΦBA +AµCfCAD ΦBD + 1
2
AµAΦBD ξ
D − 1
2
ξAΦBD Aµ
D.
(3.29)
Using the formula (3.28), the correct kinetic term is recovered. The scalar potential comes from
the FˆABC , FˆAb
c and the ˆ˜ΩA components. Plugging those in the action we get
1
4
∫
d2DXe2φ−γ−2d
{
MABfACDfBCD − 1
3
MABMCDMEF fACEfBDF − 3MABξAξB
}
.
(3.30)
where we made the identification
Ω˜A = −e
− γ
2
2
ξA. (3.31)
The gravitational sector is completely contained in ˆ˜Ωa and Fˆab
c,
ˆ˜Ωa = e
−φ− c
2
(
τab
b −Daφ
)
,
Fˆab
c = e−φ−
γ
2
(
τab
c + 2δ[a
cDb]φ
)
,
Daφ = eaµ
(
∂µφ− 1
2
Aµ
)
,
τab
c = (ea
µ∂µeb
ν − ebµ∂µeaν) ecν .
(3.32)
After a partial integration one gets the Ricci scalar and the kinetic term for the charged dilaton.
3.3 Analysis of the constraints
For the dependence in the internal dimensions to factorize, the gauging parameters, built out of
derivatives of the internal doubled vielbein EA
M (Y ), the internal dilaton d and the warp factor,
must be constant
fABC = e
γ
2FABC = cst.,
FABC = ΩABC +ΩCAB +ΩBCA = F[ABC],
ξA = e
γ
2EA
M∂Mγ = −2 e
γ
2 (2EA
M∂Md+Ω
B
BA) = cst.
(3.33)
This places severe constraints on the internal fields that should be analyzed, we will assume
them for the moment and treat this problem for examples in the last section. With these
assumptions, the dependence in the internal coordinates in the reduced action factorizes as∫
d12Y e−2d−γ . (3.34)
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It is easy to show, using the last line of (3.33) and the transformation of the dilaton, that this
object is invariant under gauge transformations parameterized by ζˆM . A question that one
may ask is, assuming these constraints for constancy of the parameters, are there additional
constraints needed to ensure the closure conditions (3.3). The answer is that, provided the
strong constraint for EA
M , γ, and d is assumed, (3.3) holds. We first show that
E[A
M∂MFBCD] = 3Ω[AB
EΩCD]E + 3Ω
E
[ABΩCD]E. (3.35)
With this identity, and using the properties of fABC , it is easy to demonstrate that the modified
Jacobi identity
f[AB
EfC]DE =
2
3
f[ABCξD] (3.36)
holds provided an additional constraint is imposed
ΩE[ABΩ
E
C]D = 0. (3.37)
Notice that the strong constraint for the internal frame EA
M reads
ΩEABΩECD = 0. (3.38)
It seems therefore that the modified Jacobi, needed for the effective action to have the full non-
abelian symmetry, is weaker than the strong constraint. By looking carefully at the expressions
for EAM∂MfABC and E[B
M∂MξC], for fABC and ξA given by (3.33), we find that the closure
relation
ξAfABC = 0 (3.39)
holds only provided the strong constraint between the dilaton, the warp factor and vielbein
holds
ΩABC E
AM∂Md = ΩABC E
AM∂Mγ = 0 (3.40)
and provided a constraint, which is actually weaker than the weak level-matching constraint
∂M∂M E
N
A = 0, holds
(∂M∂M E
N
[A)EB]N = 0. (3.41)
Finally, for the ξAξA = 0 relation to hold, one should impose
∂Mγ ∂Mγ = Ω˜
A Ω˜A = 0. (3.42)
The strong and the weak level-matching constraints for the internal vielbein are sufficient but
not necessary conditions for the closure relations to hold. These constraints are needed in
the uncompactified DFT for the generalized diffeomorphisms to be a symmetry of the action.
When compactified on some background, these diffeomorphisms are broken up to the subgroup
of (generalized) isometries of the background. For these residual symmetries to be symmetries
of the compactified action some constraints still have to be imposed, but are weaker than the
original ones.
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3.4 The N = 4 term
Comparison of the reduced theory with the gauged supergravity shows a discrepancy in the
potential, the supergravity having an additional term in the scalar potential
V˜ =
e2φ
6
fABCf
ABC . (3.43)
The same discrepancy has already been discovered in [41, 32] for the embedding of N = 4 in
N = 8, yielding two additional quadratic conditions for the embedding tensor, one of those
being the vanishing of (3.43) and the other related to the total O-plane/D-brane charge. If it
is assumed that a modified Double Field Theory exists such that the strong constraint is not
required for the consistency of the theory, other terms with all the symmetries can be added to
the original action (2.25). For example
S˜ = −1
6
∫
d2DXe−2dˆFˆ
AˆBˆCˆ
Fˆ AˆBˆCˆ (3.44)
precisely gives the required term for both potentials to match but nothing more (a similar term
has been found for the heterotic extension of DFT [9]). Upon Scherk-Schwarz reduction, it leads
to an additional contribution to the dilaton potential and does not change the Eˆ
Aˆ
Mˆ equation
of motion. Expanding Fˆ
AˆBˆCˆ
in (3.44) and partial integrating it becomes
S˜ =
∫
d2DXe−2dˆ
{
−2∂
Mˆ
∂Mˆ dˆ+ ˆ˜ΩAˆ ˆ˜Ω
Aˆ
− 1
2
ΩˆAˆBˆCˆΩˆ
AˆBˆCˆ
}
, (3.45)
and hence, in our Scherk-Schwarz reduction, vanishes when the level-matching constraint for
d and the strong constraint for the vielbein are assumed. Looking at the expression for the
nilpotency of the Dirac operator(2.41) we see that the last term multiplicating the R-R gauge
potential is proportional to the additional term in the potential. Hence, if R-R fields are present
and the strong constraint holds for all fields except the vielbein, this term has to vanish and we
recover the additional condition of [32] on the N = 4 embedding tensor for the theory to be a
truncation of N = 8.
3.5 Equations of motion and vacua
In this section and for the rest of the paper, we restrict ourselves to the unimodular case ξA = 0
and fABC = FABC . A vacuum solution has to satisfy the equations of motion. With the
assumptions of constant FABC and vanishing Ω˜A, (2.27) reduces to
H[AGFB]CDFEFG
(
ηCEηDF −HCEHDF ) = 0. (3.46)
This can be recast to a more instructive form introducing projectors
P±ABCD =
1
2
(ηA(CηD)B ±HA(CHD)B) (3.47)
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such that (3.46) reads
WAB = PABCD− ZCD = 0 (3.48)
i.e. the Weyl anomaly of the sigma-model of [23], with
ZAB =
1
4
FACDFBEFP
CEDF
− . (3.49)
The dilaton equation of motion reads
− 1
12
ZABCFABC = R
ext (3.50)
with ZABC defined in (2.29) and Rext the Ricci scalar of the external space. The potential reads
V (M) = − 1
12
ZABC(M)FABC (3.51)
where ZABC(M) is defined like ZABC but with HAB replaced by MAB . The projector
P±ABCD(M) = 1
2
(ηA(CηD)B ±MA(CMD)B) (3.52)
and ZAB(M) are defined by the same replacement. The dilaton equation of motion tells that
when M = H the potential equals the external curvature. To study extrema, MAB being a
constrained field one has to introduce a Lagrange multiplier
Vˆ = V + LAB
(MAB − (M−1)CDηCAηDB) . (3.53)
Variation with respect to M leads to the equation
∂Vˆ
∂MAB = −ZAB(M) + 2P+ABCD(M)L
CD = 0 (3.54)
with
−ZAB(M) = ∂V
∂MAB = −
1
4
FACDFBEF
(
ηCEηDF −MCEMDF )
= FACDFBEFP
CEDF
− (M) = 0.
(3.55)
This says that at an extremum of V the following equation is satisfied
PABCD− (M)ZCD(M) = 0 (3.56)
and therefore, assuming (3.48) and (3.50), the point MAB = HAB is an extremum of the
potential with external Ricci scalar curvature given by (3.50).
4 Doubled Backgrounds
The assumption that FABC defined in (3.33) is constant places constraints on the frame EA
M
and it is not clear a-priori that a general solution can be found. In the usual, non-doubled,
Scherk-Schwarz reduction a large class of solutions to this problem is given by group manifolds
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and quotients of them by a discrete subgroup. On such geometries the twist matrix factorizing
the dependence of the fields in the internal coordinates can be identified with the Maurer-Cartan
frame ea
m,
eaTa = g
−1dg, dea = −1
2
τbc
aeb ∧ ec, [Ta, Tb] = τabcTc. (4.1)
The functions τab
c appearing in the reduced theory are therefore identified with the structure
constants of the Lie algebra in the particular basis (4.1). Additional assumptions on the poten-
tial reduces the choice of group to flat groups and compactness of the internal space requires
the identification of points by a discrete subgroup, this class of manifold has often been dubbed
‘twisted tori’ in the string literature.
In the present, doubled, case the situation is somewhat different since the frame EA
M has to
belong to O(6, 6) and has to satisfy the strong constraint, or at least a weaker constraint ensuring
the Jacobi identity of FABC . Furthermore the structure constants are no longer derived from
the Maurer-Cartan equation but rather from the C-bracket, the latter reducing to the Maurer-
Cartan equation in some cases. Another fundamental feature of the charges FABC defined
this way is that, being totally antisymmetric the Lie algebra they define leaves the metric ηAB
invariant and the gauged group in the effective theory is automatically a subgroup of O(6, 6).
4.1 Geometric and three-form fluxes
Standard Scherk-Schwarz compactifications with three-form flux Habc can be described quite
simply within this formalism. The Jacobi identity for the doubled flux FABC has two non-trivial
parts, the Jacobi for the geometric flux τab
c and a mixed one 4
τ[ab
dτc]d
e = 0
He[abτcd]
e = 0.
(4.2)
An Ansatz for the doubled vielbein, that is manifestly an O(n, n) matrix and trivially satisfying
the strong constraint, can be introduced (see also [42])
EA
N =
(
ea
n(y) ea
m(y)Bmn(y)
0 ean(y)
)
A
N
(4.3)
with antisymmetric Bmn and m = 1, ..., n. Computing the C-brackets of this frame one quickly
obtains [
Ea, Eb
]
= HabcE
c + τab
cEc (4.4)[
Ea, Eb
]
= τbc
aEc (4.5)[
Ea, Eb
]
= 0 (4.6)
where τab
c is given by the Maurer-Cartan equation for ea and
Habc = 3e[a
meb
nec]
p∂mBnp. (4.7)
4To simplify the notations and to comply with the existing literature we use latin letters a, b, c... = 1, ..., n for
flat internal non-doubled indices, whereas we used those for flat external indices in the previous section.
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Note that in this case the three terms structure of the C-Bracket is required for the gauge
invariance of Habc. One still has to find the internal generalized dilaton, by setting
e−2d = det (eam) (4.8)
the condition Ω˜A = 0 translates in the unimodularity condition τab
b = 0.
4.2 Solution with Q- and R-flux
Keeping for now only dependence in the coordinates ym, one can find an Ansatz with non-
geometric flux Qa
bc
EA
N =
(
δa
n 0
βab(y)δb
m δan
)
A
N
. (4.9)
Writting ya = δamy
m and ∂a = δ
m
a ∂m, only two pieces of ΩABC are non-vanishing
Ωa
bc = ∂aβ
bc
Ωabc = βad∂dβ
bc.
(4.10)
For Qa
bc = Fa
bc to be constant β should have at most a linear dependence in ya
βab(y) = ycβc
ab. (4.11)
The non-trivial Jacobi identities are
Qd
[abQe
c]d = 0
Re[abQe
cd] = 0.
(4.12)
Therefore one find that only Q-flux is non-vanishing
Qa
bc = βa
bc
Rabc = 3β[a|dβd
|bc] = 0.
(4.13)
Introducing a dependence of β in the dual coordinates y˜m is also possible and leads to R-flux
βab = ycβc
ab + y˜cβ
cab. (4.14)
One has to take care in this case of the strong constraint, which is quite strong due to the
absence of antisymmetrization. If we impose its weaker version (3.37) instead, only the Jacobi
identity remains
βa[bcβa
de] = 0 (4.15)
with Qa
bc = βa
bc and Rabc = βabc.
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4.3 More general twists
More general twisted background can be constructed [19, 20, 21]. As an example consider
compactifying one coordinate y and its dual y˜ on circles, the 2(n − 1) remaining coordinates
being labeled with a bar on their index Y A = (y, y˜, ZA¯). An antisymmetric matrix NAB is
chosen with zeros in y and y˜ rows and columns, with NA¯B¯ = −NB¯A¯ for it to be in the Lie
algebra of O(n− 1, n− 1). The Ansatz
EA
M =
(
eyN
)
A
B δMB (4.16)
then describes a 2(n− 1)-torus with an O(n− 1, n− 1) twist over a T2 base. The only non-zero
piece of ΩABC is
ΩyA¯B¯ = NA¯B¯ . (4.17)
This corresponds to the gauging of a Lie algebra, with generators T , T˜ and TA¯[
TA¯, TB¯
]
= NA¯B¯T[
T˜ , TA¯
]
= NA¯B¯T B¯ .
(4.18)
This example can be generalized to include cases where the strong constraint does not hold
but still seems to yield valid gaugings in the effective theory. First split internal coordinates
Y A = δAMY
M into (Y I , ZA¯) with I = 1, ..., 2b and A¯ = 1, ...2f . Then introduce the Ansatz
EA
M =
(
eY
I TI
)
A
B δMB , (4.19)
where the only non-vanishing component in TIBC is TIA¯B¯ . We also require that the generators
TI commute between themselves and generate an O(f, f) subalgebra, TIA¯B¯ = −TIB¯A¯. The only
non-zero component of ΩABC is in this case
ΩIA¯B¯ = TIA¯B¯ . (4.20)
This is equivalent to the gauging of the algebra[
TI , TJ
]
= 0[
TI , TA¯
]
= TIA¯
B¯ TB¯[
TA¯, TB¯
]
= TIA¯B¯ T
I .
(4.21)
and the only non-trivial Jacobi identity is
T I [A¯B¯TIC¯]D¯ = 0. (4.22)
Since the generators TI commute, a possible choice is to take them to be diagonal
TIa
b = −TI ba = αIaδba (4.23)
and (4.22) translates into
αI aαIb = 0, a 6= b. (4.24)
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One can try to solve the equations of motion for this solution, the vanishing of WIJ implies
αIa = ±HIJαJ a (4.25)
and all others equations are trivial. It is interesting that for these solutions the term (3.43) in
the potential is non-zero. Evaluating the potential at MAB = HAB with the on-shell condition
(4.25) gives
V (H) = −e2φ(1∓ 1)αI aαIbδab, (4.26)
showing that the additional term in the action is required for this class of solutions to have
Minkowski vacua.
Conclusion
In this paper the Double Field Theory of [6] describing the dynamics of the generalized metric
of string theory was reformulated in a vielbein formalism. A generalization of the Scherk-
Schwarz procedure was developed and accordance with half-maximal gauged supergravity was
demonstrated provided a new term is added to the original action. Several classes of examples
of doubled backgrounds were presented. It was shown that only a weaker version of the strong
constraint on background fields is needed to ensure consistency conditions of the effective theory.
Acknowledgements
This work began in collaboration with Nicolas Ambrosetti, Daniel Arnold and Nikolaos Prezas,
the author warmly thanks them for all the work done together and for passionate discussions.
The author also thanks Matthias Blau and Jelle Hartong for enlightening conversations. Finally
the author thanks Jean-Pierre Derendinger for numerous discusions about this work. For some
of these tedious computation, the tensor CAS described in [43] was found to be very useful.
D.G. is supported by the Swiss National Science Foundation.
References
[1] C. Hull and B. Zwiebach, Double Field Theory, JHEP 0909 (2009) 099,
[arXiv:0904.4664].
[2] B. Zwiebach, Double Field Theory, T-Duality, and Courant Brackets, arXiv:1109.1782.
[3] C. Hull and B. Zwiebach, The Gauge algebra of double field theory and Courant brackets,
JHEP 0909 (2009) 090, [arXiv:0908.1792].
[4] M. Gualtieri, Generalized complex geometry, math/0401221.
23
[5] O. Hohm, C. Hull, and B. Zwiebach, Background independent action for double field
theory, JHEP 1007 (2010) 016, [arXiv:1003.5027].
[6] O. Hohm, C. Hull, and B. Zwiebach, Generalized metric formulation of double field
theory, JHEP 1008 (2010) 008, [arXiv:1006.4823].
[7] M. Grana, R. Minasian, M. Petrini, and A. Tomasiello, Supersymmetric backgrounds from
generalized Calabi-Yau manifolds, JHEP 0408 (2004) 046, [hep-th/0406137].
[8] M. Grana, R. Minasian, M. Petrini, and A. Tomasiello, Generalized structures of N=1
vacua, JHEP 0511 (2005) 020, [hep-th/0505212].
[9] O. Hohm and S. K. Kwak, Double Field Theory Formulation of Heterotic Strings, JHEP
1106 (2011) 096, [arXiv:1103.2136].
[10] O. Hohm, S. K. Kwak, and B. Zwiebach, Unification of Type II Strings and T-duality,
arXiv:1106.5452.
[11] O. Hohm, S. K. Kwak, and B. Zwiebach, Double Field Theory of Type II Strings,
arXiv:1107.0008.
[12] O. Hohm and S. K. Kwak, Massive Type II in Double Field Theory, arXiv:1108.4937.
[13] I. Jeon, K. Lee, and J.-H. Park, Differential geometry with a projection: Application to
double field theory, JHEP 1104 (2011) 014, [arXiv:1011.1324].
[14] I. Jeon, K. Lee, and J.-H. Park, Stringy differential geometry, beyond Riemann, Phys.Rev.
D84 (2011) 044022, [arXiv:1105.6294].
[15] I. Jeon, K. Lee, and J.-H. Park, Incorporation of fermions into double field theory,
arXiv:1109.2035.
[16] O. Hohm and S. K. Kwak, Frame-like Geometry of Double Field Theory, J.Phys.A A44
(2011) 085404, [arXiv:1011.4101].
[17] W. Siegel, Two vierbein formalism for string inspired axionic gravity, Phys.Rev. D47
(1993) 5453–5459, [hep-th/9302036].
[18] W. Siegel, Superspace duality in low-energy superstrings, Phys.Rev. D48 (1993)
2826–2837, [hep-th/9305073].
[19] C. Hull, A Geometry for non-geometric string backgrounds, JHEP 0510 (2005) 065,
[hep-th/0406102].
[20] C. Hull and R. Reid-Edwards, Non-geometric backgrounds, doubled geometry and
generalised T-duality, JHEP 0909 (2009) 014, [arXiv:0902.4032].
24
[21] G. Dall’Agata, N. Prezas, H. Samtleben, and M. Trigiante, Gauged Supergravities from
Twisted Doubled Tori and Non-Geometric String Backgrounds, Nucl.Phys. B799 (2008)
80–109, [arXiv:0712.1026].
[22] G. Dall’Agata and N. Prezas, Worldsheet theories for non-geometric string backgrounds,
JHEP 0808 (2008) 088, [arXiv:0806.2003].
[23] S. D. Avramis, J.-P. Derendinger, and N. Prezas, Conformal chiral boson models on
twisted doubled tori and non-geometric string vacua, Nucl.Phys. B827 (2010) 281–310,
[arXiv:0910.0431].
[24] J. Scherk and J. H. Schwarz, How to Get Masses from Extra Dimensions, Nucl.Phys.
B153 (1979) 61–88.
[25] N. Kaloper and R. C. Myers, The Odd story of massive supergravity, JHEP 9905 (1999)
010, [hep-th/9901045].
[26] A. Dabholkar and C. Hull, Duality twists, orbifolds, and fluxes, JHEP 0309 (2003) 054,
[hep-th/0210209].
[27] M. Grana, R. Minasian, M. Petrini, and D. Waldram, T-duality, Generalized Geometry
and Non-Geometric Backgrounds, JHEP 0904 (2009) 075, [arXiv:0807.4527].
[28] H. Samtleben, Lectures on Gauged Supergravity and Flux Compactifications,
Class.Quant.Grav. 25 (2008) 214002, [arXiv:0808.4076].
[29] B. de Wit, H. Samtleben, and M. Trigiante, Magnetic charges in local field theory, JHEP
0509 (2005) 016, [hep-th/0507289].
[30] J. De Rydt, T. T. Schmidt, M. Trigiante, A. Van Proeyen, and M. Zagermann,
Electric/magnetic duality for chiral gauge theories with anomaly cancellation, JHEP 0812
(2008) 105, [arXiv:0808.2130].
[31] J. Schon and M. Weidner, Gauged N=4 supergravities, JHEP 0605 (2006) 034,
[hep-th/0602024].
[32] G. Dibitetto, A. Guarino, and D. Roest, How to halve maximal supergravity, JHEP 1106
(2011) 030, [arXiv:1104.3587].
[33] A. Coimbra, C. Strickland-Constable, and D. Waldram, Supergravity as Generalised
Geometry I: Type II Theories, arXiv:1107.1733.
[34] G. Aldazabal, W. Baron, D. Marques, and C. Nunez, The effective action of Double Field
Theory, arXiv:1109.0290.
[35] M. Fukuma, T. Oota, and H. Tanaka, Comments on T dualities of Ramond-Ramond
potentials on tori, Prog.Theor.Phys. 103 (2000) 425–446, [hep-th/9907132].
25
[36] A. Rocen and P. West, E11, generalised space-time and IIA string theory: the R-R sector,
arXiv:1012.2744.
[37] E. Bergshoeff, R. Kallosh, T. Ortin, D. Roest, and A. Van Proeyen, New formulations of
D = 10 supersymmetry and D8 - O8 domain walls, Class.Quant.Grav. 18 (2001)
3359–3382, [hep-th/0103233].
[38] J. Shelton, W. Taylor, and B. Wecht, Nongeometric flux compactifications, JHEP 0510
(2005) 085, [hep-th/0508133].
[39] J. Shelton, W. Taylor, and B. Wecht, Generalized Flux Vacua, JHEP 0702 (2007) 095,
[hep-th/0607015].
[40] J.-P. Derendinger, P. Petropoulos, and N. Prezas, Axionic symmetry gaugings in N=4
supergravities and their higher-dimensional origin, Nucl.Phys. B785 (2007) 115–134,
[arXiv:0705.0008].
[41] G. Aldazabal, D. Marques, C. Nunez, and J. A. Rosabal, On Type IIB moduli stabilization
and N = 4, 8 supergravities, Nucl.Phys. B849 (2011) 80–111, [arXiv:1101.5954].
[42] D. Andriot, M. Larfors, D. Lust, and P. Patalong, A ten-dimensional action for
non-geometric fluxes, JHEP 1109 (2011) 134, [arXiv:1106.4015].
[43] K. Peeters, A Field-theory motivated approach to symbolic computer algebra,
Comput.Phys.Commun. 176 (2007) 550–558, [cs/0608005].
26
